This paper presents quadratic finite-volume methods for elliptic and parabolic problems on quadrilateral meshes that use Barlow points (optimal stress points) for dual partitions. Introducing Barlow points into the finite-volume formulations results in better approximation properties at the cost of loss of symmetry. The novel 'symmetrization' technique adopted in this paper allows us to derive optimal-order error estimates in the H 1 -and L 2 -norms for elliptic problems and in the L ∞ (H 1 )-and L ∞ (L 2 )-norms for parabolic problems. Superconvergence of the difference between the gradients of the finite-volume solution and the interpolant can also be derived. Numerical results confirm the proved error estimates.
Introduction
Finite-volume methods have been widely used in scientific computing and engineering applications due to their local conservation properties and easy implementation. However, most finite-volume methods are low order. Development of higher order finite-volume methods has been an active research area, as reflected in Cai et al. (2003) , Chen (2010) , Chen et al. (2011) , Gao & Wang (2010) , Hackbusch (1989) , Hyman et al. (1992) , Plexousakis & Zouraris (2004) , Wang & Gu (2010) , Xu & Zou (2009 ), Yang (2006 , Yang et al. (2009) , Yang & Liu (2011) , Yu & Li (2010 and the references therein.
This paper is a continuation of our efforts in Yang (2006) , Yang et al. (2009) , Yang & Liu (2011) on developing quadratic finite-volume methods for elliptic and parabolic problems. It was discussed in Yang & Liu (2011) that the quadratic finite-volume method based on the Simpson quadrature for parabolic problems on quadrilateral meshes has an optimal convergence rate in the L . Based on the partition Ω h , we define S h as the standard conforming finite-element space of piecewise affine biquadratic functions In order to establish finite-volume element schemes, we introduce a dual partition Ω * h , whose elements are called control volumes. As shown in Fig. 1 , each edge of Q ∈ Ω h is partitioned into three segments so that the ratio of these segments is 1 : √ 3 + 1 : 1. We connect these partition points with line segments to the corresponding ones on the opposite edge. This way, each quadrilateral in Ω h is divided into nine sub-quadrilaterals Q z , z ∈ Z h (Q), where Z h (Q) is the set of the vertices, the midpoints of edges and the centre of Q. For each node z ∈ Z h = Q∈Ω h Z h (Q), we associate a control volume V z , which is the union of the subregions Q z containing the node z. Therefore, we obtain a collection of control volumes covering the domain Ω. This is the dual partition Ω * h of the primal partition Ω h . We denote the set of interior nodes of Z h by Z 0 h . Remark 2.1 The dual partition introduced here is different from the one defined in Yang & Liu (2011) , where the sub-quadrilaterals Q z are built by using the points related to the Simpson quadrature and the partition ratio is 1:4:1. The control volumes in this paper are based on the Barlow points (the optimal stress points). The set of the Barlow points for one-dimensional Lagrange quadratic finite element is N 2 = FN 2 , where F is an invertible affine mapping from the reference element [−1, 1] to a generic interval [a, b] 
Let x 1 = −1, x 2 = 0, x 3 = 1 and L i (x), i = 1, 2, 3 be the corresponding Lagrange quadratic basis functions. The derivative of the interpolant at the Barlow points satisfies (Barlow, 1976) more general quadrilateral meshes is not straightforward. The distortion of transformation might destroy the superconvergence property. A delicate analysis should be established to measure the effect of such distortion.
We make some assumptions on the quadrilateral mesh Ω h as follows. For any Q ∈ Ω h , let h Q be its diameter, h Q the smallest length of the edges and θ Q any interior angle. We set h = max Q∈Ω h h Q .
(1) Mesh Assumption A. The mesh Ω h = {Q} is regular, that is, there exist two positive constants σ and γ such that
The quadrilateral mesh is 'asymptotically parallelogram'. Namely, for each element Q ∈ Ω h , one has 5) where P i , i = 1, 2, 3, 4 are the four vertices of Q.
(3) Mesh Assumption C. Any two adjacent quadrilaterals (see Fig. 2 ) form an h 2 -parallelogram in the sense that
These assumptions have been respectively adopted in Arnold et al. (2002) , Chou & He (2002) , Ewing et al. (1999) and Yang & Liu (2011) .
Finite-volume schemes for elliptic and parabolic problems
We first consider a model elliptic boundary value problem
where Ω is a bounded polygonal domain in R 2 with boundary ∂Ω and x = (x, y). It is assumed that f (x) ∈ L 2 (Ω) and a(x) is Lipschitz continuous and bounded almost everywhere with positive lower and upper bounds a * and a * .
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Given a node z ∈ Z 0 h , integrating the first equation in (3.1) over the control volume V z and applying the Green's formula, we obtain
where n denotes the unit outer normal on ∂V z . We further introduce a transfer operator I * h : S h → S * h from the trial space to the test space such that
where 4) and Ψ z is the characteristic function of the control volume V z . Then we multiply (3.2) by v h (z) and sum over all z ∈ Z 0 h to obtain an integral conservation form for elliptic problem
where the bilinear form a h (·,
A finite-volume scheme for elliptic problem (3.1) is formulated as: Seek u h ∈ S h such that
A model parabolic initial boundary value problem can be formulated as
and other terms follow the same assumptions for the elliptic problem. A semidiscrete finite-volume scheme for (3.8) is accordingly defined as:
with an initial approximation u h (0) given by u h (0) = R h u 0 , where
(3.10)
h } be the standard basis functions of S h and S * h , respectively. Then scheme (3.9) can be rewritten as a system of ordinary differential equations 
Let N be a positive integer. For simplicity of presentation, we consider a uniform time step Δt = T/N and set t n = nΔt (0 n N). For n 1, let
A Crank-Nicolson fully discrete (Thomée, 2006) finite-volume scheme for
with an initial approximation given by u
Remark 3.2 The scheme (3.12) takes a form as follows
Generally, M and S are not symmetric. But by Lemmas 4.1 and 4.4, we know that both M + M T and S + S T are positive definite. So, for any nonzero vector x,
ΔtS is invertible. Therefore, (3.12) can be solved uniquely at each time step.
Error estimates
For simplicity of presentation, we assume that the coefficient a(x) ≡ 1 in this section. If a(x) is nonconstant, we can have a perturbation argument by taking the piecewise constant approximation in each element Q. Then all results will still hold for h small enough; see Yang & Liu (2011) for details.
Basic approximation properties
It is assumed that there exist a pair of integers n x , n y such that the cardinality of Ω h is equal to n x n y , and we can assign each Q ∈ Ω h a pair of integers (i, j), where 0 i n x − 1, 0 j n y − 1. Thus we label Q by subscripts (i, j) and denote its vertices by
. Then the midpoints of the edges of Q are denoted by x i+ν i ,j+ν j , where
, and the centre of Q denoted by x i+1/2,j+1/2 . Similar to Yang & Liu (2011) , we now define some discrete norms on S h . For any u h ∈ S h ,
).
The following lemma reveals that the discrete norms are equivalent to the continuous norms.
Lemma 4.1 Assume that Ω h satisfies Mesh Assumption A. For any u h ∈ S h , we have
Proof. Since the mesh is regular, we have
Therefore,
For Q u h I * h u h dx, we have a similar estimate as follows 
where u Q ∈ R 9 is a vector consisting of the nodal values of u h on Q and
It is easy to verify that G 1 and We shall often use the Bramble-Hilbert lemma (Brenner & Scott, 2008) as recapped below.
(4.7)
Error estimates for the elliptic problem
The bilinear form a h (u, I * h v h ) can be rewritten as
where z 1 , z 2 are chosen in Q with no repetition. Applying the affine transformation F Q , we have 
). Then the estimate (Zlámal, 1978 ) 
Proof. Let w = u − I h u. Using (4.8) and (4.9) gives
We only need to estimate the first term which includes the line integral along theŷ direction. The integral along thex direction can be estimated similarly. Note thatx = ± √ 3/3 in the first integral. By estimate (2.3) and the definition of the interpolation I h , we haveŵx = 0 forû =x iŷj , 0 i + j 3. Hence, the Bramble-Hilbert lemma and (4.10) yield The estimation for
is technically involved. A starting point is to use (2.3) to get a superconvergence. But note thatŷ ∈ [−1, 1] andŵŷ vanishes only forû =x iŷj , 0 i, j 2. So, we shall construct a quadrature formula, in whichŷ is fixed at ± √ 3/3, to approximate the integral. Then applying Mesh Assumption C, we find that the lower order parts of the sum of the truncation terms on all elements can be cancelled on the element edges.
For each element Q, letb 12 be the average value of b 12 . By (4.10), we have
(4.14)
We introduce a quadrature formula to approximate ∂Vẑ 1 ∩∂Vẑ 2ŵŷ dŷ. For any function f (ŷ),
Denoting by ∂Vẑ 1 ∩∂Vẑ 2ŵ app y dŷ the approximation of ∂Vẑ 1 ∩∂Vẑ 2ŵŷ dŷ. Noting thatŷ = ± √ 3/3 inŵ app y , we have
where
To estimate term R 1 , we construct an auxiliary functional
Set L(û) = R 1 + F 1 . Ifû =x iŷj , 0 i, j 2, thenŵ = 0. Ifû =x 3 , thenŵ y = 0. Ifû =ŷ 3 , a direct calculation produces Thus L(û) vanishes forû =x iŷj , 0 i + j 3. Note that L(û) is a linear functional ofû. By the BrambleHilbert lemma and the norm equivalence in the finite-dimensional spaces, we have
Since R 1 = L(û) − F 1 , combining (4.14) to (4.16) together yields
The estimation for the second integral in (4.12) is similar. Hence,
where F 2 is a functional similar to F 1 , withŷ being replaced byx. Therefore,
The sum Q∈Ω hb ij F i (û) involves integrals on the edges of Q. On ∂Q ∩ ∂Ω, the corresponding integrals vanish because v h | ∂Ω = 0. On an interior edge ∂Q ∩ ∂Q , the integrals from Q and Q are taken for the same integrand but in opposite directions. Thus we can regroup the sum by edges to obtain the following terms on the interior edges √ 3 18
Under our mesh assumptions, |b ij −b ij | is O(h) (see, e.g., Zlámal, 1978) . Therefore, it follows from the Bramble-Hilbert lemma that
Combining (4.18) and (4.19) together and using the norm equivalence give the desired result.
Lemma 4.4 Assume that Ω h satisfies Mesh Assumptions A and B. Then
Proof. The continuity (4.20) has been proved in Yang & Liu (2011) . The coercivity (4.21) holds when | cos θ Q | < 0.99. The proof is to decompose the distortion of affine mappings into contraction and rotation and to employ partitioned matrices for size reduction, which is the same as that for Lemma 3.8 in Yang & Liu (2011) and is also similar to that for Lemma 4.5 in this paper.
Theorem 4.1 Let u be the solution of (3.1) and u h the finite-volume solution of (3.7). Assume that
If Mesh Assumptions A, B and C are satisfied, then
Proof. We decompose the error as u h − u = ξ − η, where ξ = u h − I h u and η = u − I h u. By (3.5), (3.7), and Lemma 4.4, we have
It follows from Lemma 4.3 that
The approximation property (2.2) and a triangle inequality lead to
which complete the proof.
Remark 4.1 We have obtained a superapproximation result for |I h u − u h | 1 in Theorem 4.1. This superconvergence not only helps us to derive optimal-order error estimates in the L 2 -norm, but can also be used for developing a posteriori error estimators or postprocessing algorithms, which will be pursued in our future work. The superconvergence is based on the Barlow points and Mesh Assumption A, B and C. If only Mesh Assumptions A and B are considered, then the optimal order L 2 error estimate can also be obtained by using a duality argument and comparison with the finite-element bilinear forms.
Error estimates for the parabolic problem
According to Lemma 4.1, utilizing the Barlow points results in the term
being nonsymmetric, since G 2 is nonsymmetric. We intend to 'symmetrize' the above bilinear form on the reference element. Proof. The proof consists of three major steps. The first step is to constructũ h for any u h ∈ S h . Assume thatũ h has the formũ
Utilizing a computer algebra system, e.g., Matlab, we obtain (generally not unique though)
The second step is to verify (4.24-4.26). By the proof of Lemma 3.1, we have
Then (4.24) follows by the symmetry ofG 2 . On the other hand, according to Lemma 4.1, in order to prove (4.25), we only need to prove that Qûh I * hṽh dx is a quadratic form on u Q , which is straightforward by the positive definiteness of matrixG 2 .
For any u h ∈ S h , let α = (u x,Q , u y,Q ) be a vector with u x,Q , u y,Q ∈ R 6 defined as
where Noting that P and D are nonsingular, we have
The third step is to prove (4.27), which uses Lemma 4.6 about partitioned matrices that was proved in Yang (2006) .
Let P 1 , P 2 be two points. We use |P 1 P 2 | to denote its length. Without loss of generality, we choose θ Q = P 4 P 1 P 2 and suppose that Q is a parallelogram with two edges P 1 P 2 and P 1 P 4 (see Fig. 3 ). According to Lemma 3.6 in Yang & Liu (2011) , under Mesh Assumptions A and B, the difference between the bilinear form a h (u h , I * h v h ) on a quadrilateral and the one on a parallelogram is O(h)|u h | 1 |v h | 1 . In order to prove (4.27), we only need to prove that a Q,h (u h , I * hũ h ) |u h | 2 1,Q holds on the parallelogram. Let κ = |P 1 P 4 |/|P 1 P 2 |. By (4.9), we can derive
where m(Q) is the measure of Q. We calculate all the sequential principal minors of the matrices 
Accordingly the following holds for a parallelogram 
(4.32)
Proof. For any Q ∈ Ω h , a change of variables in multiple integrals gives us
By (4.24), we have
It was proved in Li & Li (1999) under Mesh Assumptions A and B that
Combining the above estimates and using (4.28), we obtain
Therefore, by the Cauchy-Schwarz inequality,
Theorem 4.2 Let u be the solution of (3.8) and u h the numerical solution of the semidiscrete finitevolume scheme (3.9). Assume that u ∈ L ∞ (0, T; H 4 ) ∩ H 1 (0, T; H 4 ) and Mesh Assumptions A, B and C are satisfied. Then
Proof. We decompose the error as u h − u = ξ − η, where ξ = u h − R h u and η = u − R h u. We have the following error equation:
Taking v h = ξ t in (4.35) leads to
where an inverse estimate is used for the last inequality. Utilizing the norm equivalence, we have
On the other hand, we take v h =ξ in (4.35) to obtain
By Lemmas 4.5 and 4.7, we have
Combining (4.36) and (4.37) together yields
Integrating (4.38) on [0, t] , noting that ξ(0) = 0, and using Lemma 4.5, we have
Then taking < 1 and using the Gronwall's inequality yield 
, which gives the desired result.
Theorem 4.3 Let u be the solution of (3.8) and u n h the numerical solution of the fully discrete finite-volume scheme (3.12) 
and Mesh Assumptions A, B and C are satisfied. Then we have the following error estimate: Table 3 uses Crank-Nicholson for temporal discretization, whereas Table 4 uses BDF3. One can clearly observe better convergence rates in the energy norm from using the Barlow points than those from using Simpson points (see Yang & Liu, 2011 , Table 2 ).
Concluding remarks
The usefulness of quadrilateral meshes for developing numerical methods for partial differential equations has been demonstrated in Arnold et al. (2002) , Flemisch & Wohlmuth (2007) , Li & Li (1999) and Schroll & Svensson (2006) . Shape parameters for characterizing quality of quadrilateral meshes were discussed in Chou & He (2002) and Yang & Liu (2011) . Mesh Assumption A and B are used for obtaining optimal error estimates, whereas Mesh Assumption C is used for deriving the superconvergence.
The new finite-volume schemes developed in this paper have optimal convergence rates, thanks to the Barlow points. Barlow points were originally discovered as optimal stress sampling points in finite bar elements (Barlow, 1976) . It was then realized that Barlow points are the same as Gaussian points for linear and quadratic bar elements, but different for cubic bar elements (Júnior, 2008) . The discrepancy has motivated alternative approaches, e.g., the variational approach, the best-fit method that leads to discovery of Prathap points and establishment of the relationships among Barlow points, Gaussian points and Prathap points for one-dimensional finite elements (Rajendran, 2009 ). Barlow points can be established for rectangular elements through tensor products and for quadrilateral elements via bilinear transformations. However, the study in Rajendran & Liew (2003) implies that the effectiveness of Barlow points, Gaussian points, and Prathap points for linear and quadratic finite (volume) elements on triangular meshes seems limited. On the other hand, construction of higher order Lagrange and Hermite-type finite-volume element methods on triangular elements are investigated in Chen et al. (2011) in a general framework. Development of higher order finite-volume methods remains an active and promising research front.
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